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Topics for todays class

Describing motion of particles: Motion along a curved path

Main new concept: using normal-tangential and polar coordinates
1. Review of some aspects of vectors

2. Circular Motion

Cartesian Coordinates
Normal-Tangential Coordinates

3. Motion along an arbitrary planar path: normal/tangential coordinates

4. Motion along an arbitrary planar path: polar coordinates



Quick Review of Vectors

(You can skip this part if you already know it!)



Review of some vector operations
Dot Product

Definition: a-b=|a|[b[cosé
Cartesian component form a=a,i+a,j+ak  b=b i+ byj+b.K
—a-b=ab, +a,b, +a.b.
Useful results: o
+ Magnitude |[a|=+/a-a= \/af +ai+a:
* Unit vector n parallel to a vectora mn=—a/ ‘a|
* Dot products of basis vectors i-i=j-j=k-k=1 i-j=i-k=j-k=0

Cross Product

If c=axb then
c|=|a||b|sin &
* Cis perpendicular toa and b with right hand screw convention

* Cross products of basis vectors
ixi=jxj=kxk=0

ixj=—jxi=k kxi=—-ixk=) jxk=-kxj=i
Cartesian components:
axb =(ayb; —a,b,)i+(a,b, —ab.)j+(a.b, —a,b, )k



Basis Vectors - Background

We use many different coordinate systems in dynamics:

Cartesian

Normal-Tangential Cylindrical-polar

We need to understand these concepts:

1. Basis vectors

2. Components of a vector in a basis
3. How to transform components from one basis to another



Basis Vectors

Definition of a vector ‘basis’:

Any 3 (or 2 in 2D) linearly independent vectors
Usually (and always in ENGN40!): f J

» Basis vectors have unit length

» Basis vectors are mutually perpendicular TS
* Example: {i.j.k} basis vectors for Cartesian components

Vector components (in a basis)

Any vector can be created by adding multiples of the basis vectors

%\ o
L cos Gi

I =L cosfi+ Lsin O]

Example: position vector '=xi+ yj+zK

We often do this by projection:




Basis transformations

Using more than one basis:

We can express the same vector as components in more than one
basis

Examples:
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——— i

ad

a=ad+ay]
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Basis transformations

Converting from one basis to another:

Use any trick you can find!
You can often do the projection directly (use trig)
For a formal approach, use this:

To convert afrom{i, j} to {n.t}

Step 1: Write {n.t} in {LJ} components
n=nJd+n,j t=rdi+1,]j

Step 2: Then a, =m-a=n.a, +n,a, a =t-a=t.a,+ta,

Proof: a=an+at=ai+a,j 1,
—>n-a=aq, n-n+arn'-t:(H_Ti+r11.j)-(a_1.i+a1.j) mrx |
= a, =n.a, +n,a, ‘ ‘ n, |t
t-a=a,t-n+at-t= (t,i+12,))-(a,i+a,j) Ifl

=a, =t.a, +t,a, 1



Vector operations in other bases

Use all the usual formulas for magnitude, dot and cross products.

a=aqt+amn+a.k b=5bht+bn+Db.K

R
—a-b=ab, +a,b,+ab. e ‘ \
|a|:~./a-a:\'!af +a: +a’ ]
axb==x[(a,b. —a.b,)t+(a.b, —a,b.)n +(a,b, —a,b,)k| ‘
z 4, 2 2 K ;
txt=nxn=kxk=0

txn=—-nxt=*7k kxt=—txk="-n nxk=-Kkxn=+t

Use + if n points to left of t, use — if n points to right of t

Normal-Tangential

a=a.e. +ageg+a.k Db=Db.e,. +Dbgey+b.K
—a-b=a.b,. +agby +a.b.

a|=va-a=1Ja? +a} +a°
axb =(agh. —a.bg)e, +(a-b, —a,b.)ey +(a,by —agb, )k )
e, xe, =egxeg=kxk=0 CylindFicaI-poIar

e.xeg =—egxe. =k Kkxe. . =—e . xk=ey egxk=—-Kxeyz=e,



The bar OA rotates with constant angular speed @
Find the speed, velocity and acceleration vectors of A
(give vectors in both {i.j} and {n.t} bases)
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2.9: Circular motion at constant speed ( {i. j} and {n.t} coordinates) t
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2.10 Example: Interpreting acceleration data from an inertial platform

An inertial platform (with fixed orientation) records the accelerations shown. Determine:
(a) The radius of the path; and (b) The aircrafts speed
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2.11: Circular motion at arbitrary speed ( {i.j} and {n.t} coordinates)

The angle 6(7) is an arbitrary function of time
Find the speed, velocity and acceleration vectors of A
(give vectors in both {i,j} and {n.t} bases)

t=—sinfi+cosfdj n=-cosfi—sinbj
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ot dt
Gfeom,fg: $=REO

Speedl Vs s - RO o |V=Rew
ot dE

Define “Tongential acee/" |Ole - fif Kol = R

Also useful |0e=dV ds - 7V dV




Pos: fion
= KeosGe + RSin 90(,
Veloeit

t=—sindi+ cosdj

V= OI,C - h—ga’@ SM(?’L "'ﬂd& wad_ n = —cos 6i —sin 6j
ot dt



ﬁcc&/efa 742‘)1*1

- f?_(_l_[ i
= .d E Qw ("SHT 93_{ ""‘Cﬂaﬁjl)? t = —sin i+ cos b

n = —cos 6i —sin 6j

W —

Qf{f (~Sin@c +th9d.) + &) ( - Q/_Q b -*d_ﬂ-;m j)
D> 0= Ko (-sinBc +Caoz%{} f-;(fw (cm&u +5'm%)



Intespcefing the  accelecatio A rmnlas
:Z)eﬂ?me

0){_.; - OLE B 'YLQ@-EWJ 7{74'/ 4*16(16/ ) t:—siu8i+co!s¢9j
ot

n =—cos i —sin dj

An=  VE " nomal accel ”
R
T hen o - 016__1[_3_ + A, N
— —— . Ne———

At : ﬂ%r&s’exz #1 a/;ﬁ;y'e 19 S}éeeaf
An : ﬁ%éfefﬁm!ﬂ a/ya@e n d/'reC%bn



2.12: Example: Vehicle accelerating around a curve B .

The vehicle starts at rest at A and travels

with constant tangential acceleration a, V
Find a formula for the magnitude of the D
acceleration at B, in terms of a; 2l
A
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213 Motion along an ardittary plava bath
ysing __$ 1 £ 3 concolinates ’
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Concept question
Give the direction of the acceleration at A,B,C,D (on compass)
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Deriving the n-t coordinate formulas

Formula for the path (assumed to be given):

Radius of curvatre

Distance travelled s(7), r=x(s)i+ v(s)j

ds
Speed V =— )
dt
. 2 ,
Definitions of {n.t} (= p_p®_pdr
ds ds s> s,
Velocity —_ @ _drds_ = ..
dt ds dr

Acceleration a=d‘r=d(m)=th+ dt dVHVﬁﬁ
dt dt dt dt dt ds dt




2.13: Example: Reconstructing a path from acceleration data

A vehicle is instrumented to measure acceleration components in directions parallel and
perpendicular to the car’s direction of motion. (A positive transverse accel means the car
accelerates to the left). The Car is at rest at the origin at time {=0 facing the x direction.
1. Sketch a graph showing the car's speed as a function of time.

2. Sketch the subsequent path of the vehicle
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Deriving the polar coordinate formulas

Time derivatives of {e,.eg}
o al
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6 e,

ey =—sinbi+cosbj 1.9, ¢
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2.16 Example: The particle has polar coordinates

6=t r=t/z | P il
At the instant when 6= calculate i T_]’ )
(1) the position, velocity and acceleration vectors in the ¢} J—a - f
polar basis e,. e; o
() The normal and tangential components of b | \
acceleration "
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Newton’s laws In nhon-inertial bases
k

Note {n.t}and ie..e;; are not inertial bases
Why can we still use Newton’s laws?

To use {n.t} or {e..e;} we always have to
choose the inertial {i, j} basis first

We then convert Newton’s laws from {L.}} to
{n,t} and {e,.ez}

2

dVv V
Ft+Fn=m t+ n
oo (dr R )

2., 2 2 :
F,e, + Fgeg =m d : -r(EJ e, + mt*d t9+.’1dj} da]eé}
dt l ds2 dt drj

Additional terms resulting from nonzero time derivatives of
basis vectors

Cylindrical-polar
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